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Abstract

The estimation of Fmsy and Bmsy for North Sea cod are shown to be sensitive to density-dependent growth and very sensitive to density-dependent mortality in terms of cannibalism. Density dependent growth parameters of cod are based on literature values and cannibalism on ICES WGMAS Multi-species key run 2011 model. Both are related to cod stock size by linear regression.  The PROST software is used for the calculations.  
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1. Introduction
The WKMSYREF2 (ICES 2014a) stated for North Sea cod in relation to calculating Fmsy:“For the future it may be beneficial to test density dependent mortality and growth directly in MSE simulations to test whether a dynamic inclusion of density dependent effect leads to different results.”

ICES has in the ICES Advisory Report 2012 (ICES 2012) stated that: “The [MSY] approach does not currently use a BMSY estimate. BMSY is a notional value around which stock size fluctuates when F=FMSY. Recent stock size trends may not be informative about BMSY (e.g., when F has exceeded FMSY for many years or when current ecosystem conditions and spatial stock structure are, or could be, substantially different from those in the past). BMSY strongly depends on biological interactions between different species.”
ICES the Working Group on Multispecies Assessment Methods (WGSAM) (ICES 2008) when exploring the concept of Maximum Sustainable Yield (MSY) within a multispecies context, stated that: “ The high yields predicted at low F by single‐species models are almost certainly unrealistic, as these will be ‘eroded’ by predation pressure and density‐ dependent growth reductions.” ….and that: “The standardized ICES single‐species advice on long‐term F could be problematic, because if followed, low F values might be expected to result in very large stock sizes if species are treated in isolation, but in a multispecies context these high yields are never attained as a result of increased predation pressure and density‐dependent growth reduction.”
ICES have therefore started a process where illustrative advice based on multi-species models have been presented to managers for the Baltic Sea in 2012 and the North Sea in 2013 (ICES 2012 and 2013). However, this involves managers to make specific objectives of which stock to put priority on which politically is a very sensitive issue, because it will also imply less priority on other stocks and fisheries. 
2. Material and methods
Software

We used the PROST software for Java. The program starts with a given population, which is then projected into the future and subjected to natural mortality and fishing. Fishing level is given by a management rule. Stochastic errors can be added to the initial starting population (numbers, weight, maturity, etc.), and to the recruitment. In addition errors can be added to the population before it is seen by the management rule (assessment error), and to the decided quota (implementation error). Each model simulation will thus give a different realization of the projection. The model works as described in Skagen et al. (2003). A yearly time step is used. The following figure illustrates a single realization of the model:
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Density dependent growth 

Density dependent growth is based on Cook et al (1999), who be modelled a cohort specific effect, g, on growth. The weight-at-age i in year j was expressed as:

[image: image1.emf][image: image2.emf]
The parameters they estimated are shown in Appendix 1. We correlated this year effect with cod stock size (Figure 1). 
[image: image3.emf]y = -1E-07x + 0.2108

R² = 0.2437

0.0000

0.0500

0.1000

0.1500

0.2000

0.2500

0.3000

0 200000 400000 600000 8000001000000120000014000001600000

Year effect

TSB

 
Figure 1. Density dependent growth. The “Year”-parameter from Cook et al. (1999) plotted against total stock biomass (TSB in unit tonnes) for North Sea cod. 

We used the regression equation in Figure 1 together with the equation (1) above and the parameters from Appendix 1 to get the parameters for alfa and beta in the equation below:
[image: image4.emf]
for each age. The resultant weight-at-age by varying TSB is shown in Figure 2. 
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Figure 2. The weigth-at-age as a function of total stock biomass. Used for both weight at age in the catch and in the stock.

Cannibalism
Following the approach used for the Baltic Sub-divisions 25-32 cod and the Northeast Arctic cod historical predation mortalities estimates from multispecies models are correlated with historical stock sizes (See WGBFAS and AFWG 2014 stock annexes). Based on the WGMAS 2011 predation mortalities for cod ages 1 and 2 in the North Sea a relationship between the cod stock biomass of age 6 and 7 was established (Figure 3). 
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Figure 3. Relationship between predation mortality (M2) of cod ages 1 and 2 and total cod stock biomass of ages 6 and 7 for North Sea cod.  Based on the “Keyrun” by WGSAM (ICES 2011). 

Harvest Control Rule used

The harvest control rule used is the ICES standard hockey stick rule where F is reduced when SSB gets below MSY Btrigger, here set at Bpa. Alternatively, a constant F rule could be applied. We think that there are two good reasons to use the hockey stick rule: 1) it is a realistic rule as we regard it as unlikely that managers will continue with a unaffected F if the stock is depleted, and 2) that if Fmsy is calculated based on hockey stick rue it is likely to be more consistent with future management plan evaluations, which almost always have a hockey stick F rule.  We know the argument for using a constant F rule in terms of being something independent of the management and a part of the stock biological dynamic like growth parameters, maturity etc. However, we do not think this view is completely valid as fishing pattern/exploitation pattern, which is part of any Fmsy calculation, already is 100% dependent on external factors to the biological dynamic parameters, and very related to for instance the mesh size used, which often is heavily regulated.  
Other input data
All other input data are from WGNSSK (ICES 2014a) except the stock recruitment relationship (Figure 4) which is from WKMSYREF2 (ICES 2014b). 
[image: image7.emf]
Figure 4. Stock recruitment plot for North Sea cod. From WKMSYREF2 (ICES 2014b). Biomass in tonnes, recruitment is at age 1 and are in ‘000’. 

All input data are shown in the PROST input files in Appendices 2 and 3.
3. Results

Figure 4 shows the effect of including density dependent growth and cannibalism. It can be seen from that Fmsy estimated without the density dependent factors is 0.2, estimated including with density dependent growth 0.3 and also including cannibalism 0.7. In all cases the maximum sustainable yield is estimated to around 360 kt, annually. However, the corresponding Bmsy (measured as the corresponding SSB to Fmsy) are very different: 1.2 million t, 0.8 million t and 0.3 million t respectively. It can also be seen that if the cannibalism run is the correct one in terms of reflection the true ecosystem functioning then using the current Fmsy value of 0.19 means that the large potential sustainable catch will be foregone, about 160 kt (a catch of 200 kt at F=0.19 compared to a catch of 360 kt at F=0.7).  
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Figure 4. Yield and SSB vs F for North Sea cod. In a) neither density dependent growth nor cannibalism are included, in b) density dependent growth is included and in c) also cannibalism. Only median values shown.
Table 1. Fmsy, Bmsy, MSY, and B0 and TAC variability by simulation scenario.

	Simulation scenarios
	Fmsy
	Bmsy 

kt
	MSY

kt
	B0

kt
	TAC variability from year to year
	Risk to get below Blim

	No density dependence
	0.22
	1200
	360
	6000
	16%
	<<5%

	Density dependent growth
	0.30
	700
	360
	4000
	15%
	<<5%

	Density dependent growth and mortality
	0.74
	300
	360
	2000
	20%
	<<5%


The variability of TAC from year to year for the simulations which includes both density dependent fators are shown in Figure 5. It can be seen that it is around 20% for F in a wide range, 0.2 – 0.8. For larger F it quickly increases. 
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Figure 5. TAC variability from year to year when both density dependent growth and cannibalism are included in the simulations. Only median values shown.
The risk for SSB to get below Blim is shown in Figure 6. It can be seen that F higher than 1.0 result in a risk of SSB getting below Blim being higher than 5%.
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Figure 6. The 5% lower percentile of SSB by F. Risk to SSB for getting below Blim get above 5% at F higher than 1.0. 
4. Discussion
It is clear from the above that estimation the Fmsy is very sensitive to density dependent growth and cannibalism. Ignoring density dependent growth and cannibalism gives very low Fmsy estimates (0.2) and very high and almost certainly unrealistic SSB estimates (1.2 milllion t – 4 times the largest ever observed even in the Gadoid Outburst) in simulations at low F values. On the other hand, including these factors in the simulations will give Fmsy estimates which are much higher (0.7) and realistic SSB estimates (0.3 million t – similar to the largest ever observed). 

A reality check of the outcome of the simulations of including density dependent growth and cannibalism shows that when we had the SSB of about 0.3 million t in the 1970s the F was around 0.8 and the yield around 300 kt (Figure 6). If rather the simulations without including density dependent growth and cannibalism had been the correct, we should not have seen a lower catch in the early part of the time series when F was lower than 0.7. However, the Gadoid Outburst might blur this picture and impair the validity of this reality check. 



Figure 6. Cod in Subarea IV (North Sea) and Divisions VIId (Eastern Channel) and IIIa West (Skagerrak). Summary of stock assessment with point-wise 95% confidence intervals. Catch is estimated and adjusted for unaccounted removals (from 1993 to 2005). Predicted values are shaded. Top right: SSB and F over the time-series used in the assessment.
The maturity is probably also density dependent but this has not been included in the current simulations. This is however not expected to impair the current simulations in terms of estimating Fmsy because in all scenarios considered here SSB will be well above the Blim and thus recruitment not dependent on the SSB. But of course the comparison of SSB from the simulations with those from the assessment will not be straight forward.
The very large potential effect of cannibalism on the estimation of Fmsy makes it important to focus on the reliability of the estimates predation mortalities.  The current values of M2 are from the most recent WGSAM key-run of the SMS model. Basically it boils down to judging the work of WGSAM and its predecessors and all the research with ICES and national institutes have put into this work over the past four or so decades, involving the work of hundreds of scientist person-years and hundreds of millions of Euros in funding. There is a long history for multispecies models in the North Sea (MSVPA, M4, SMS, and other models). Basically they are based on stomach data sampled in ICES coordinated grand scale “ years of the stomach” projects in 1981 and 1991 and some data from a few of the years in between (more than 100 000 stomachs analysed of which 30 000 were from cod). In total they all show quite similar values. The current calculations are in line with these values from WGSAM. 
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Appendix 1. Growth parameters estimated by Cook et al (1999). 
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Appendix 2. Input files for PROST (except pop.dat, which is given separately in Appendix 3).

manage.dat

[ManagementDistortions]

ImplementationError 

distortion none

InputNumbers

distortion normal

cv 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2

bias 0 0 0 0 0 0 0 0 0 0 0 

trunk 2.60          ; ganger maks CV over aldersvektor = 2.5 sigma

InputFishing        distortion none

Recruitment         distortion none

[ManagementRule]

type constantF

selection 0.097 0.301 0.425 0.467 0.5 0.514 0.514 0.514 0.514 0.514 0.514

FaboveBpa  0.8

Maxinc 200

Maxdec 100

MaxTAC 2000000

FirstYearTAC -1      ; dont use max/min rule first year

FbelowBpa linear ; should be low, linear, or flat

Bzero 0 ; 30000

Stock.dat

name  cod-NSea

firstyear 2014  ;intermediate year     

lastyear  2064  ;last prediction year

extrayears 5  

minage    1     ;recruitment age

maxage    11    ;+group

fbarmin   2

fbarmax   4

bpa       150000

blim      70000

flim     0.86

maxthreshold 50

minthreshold 50

maxf         1.8

summarystart 2015  

summaryend   2064  

population  pop.dat     

recruitment rec.dat

management  manage.dat

weightandmaturity density 

file density.dat
rec.dat
; Recruitment must last till the end of the period, including the

; 3 extra years at the end

[Recruitment]

generators 2

[RecruitmentGenerator]

firstyear 2014

type fixed

years 1

;      2014 age 1

numbers 176732 

error   normal

cv      0.3

trunk   2.0

 [RecruitmentGenerator]

firstyear 2015

type ockham

a    1000000   ; from WKMSYREF2

b    175000    ; from WKMSYREF2

error     lognormal

cv        0.50  ; roughly from WKMSYREF2

trunk     2.0   ; roughly from WKMSYREF2
density.dat

stockweight yes ;  yes

minage 2

maxage 11

alpha  -0.09 -0.2 -0.4 -0.6 -0.7 -0.8 -1   -1.2  -1.4  -1.6 

beta     1.06  2.55  4.8  7.4  9.8 12.0   13.9  15.4  16.6  18.3 

catchweight yes ; yes

minage 2

maxage 11

alpha  1   1 1 1 1 1 1 1 1 1 

beta   0   0 0 0 0 0 0 0 0 0   

maturity no

cannibalism yes 

function biomass6and7

minage 1

maxage 2

alpha  0.000004 0.000002  

beta    -0.16  -0.21

limit  

min -0.4 -0.2

max 5.0 4.0
Appendix 3. The population input file 

Pop.dat
; Initial Population. Currently data must be given from the year

; startyear-minage to the intermediate year. But if you are not using

; the stock-recruit relationship, the data before intermediate year

; is not used

;

[numbers]

expected

197996
57354
14211
9036
2804
697
232
111
53
25
12  ;2013

285501
63768
20785
5687
4375
1393
296
141
67
32
15  ; 2014

distortion none

distortion none

;distortion normal

;cv 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.2

;bias 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

;trunk 2.6

[fishingmortality]

expected

0.097
0.301
0.425
0.467
0.5
0.514
0.514
0.514
0.514
0.514
0.514  ; 2013

0.097
0.301
0.425
0.467
0.5
0.514
0.514
0.514
0.514
0.514
0.514  ; 2014

; assume only demersal fishery in this test

distortion none

distortion none

; 

; The following input data are given for the whole period

;

[naturalmortality]

expected

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

1.038
0.698
0.49
0.233
0.2
0.2
0.2
0.2
0.2
0.2
0.2

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

[stockweight]

expected

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

[catchweight]

expected

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

0.388
0.921
2.26
4.091
5.975
8.254
9.357
9.395
11.412
12.654
21.978

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

[maturity]

expected

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

0.01
0.05
0.23
0.62
0.86
1
1
1
1
1
1

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

distortion none

Eq (1)
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b)





c)
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